COUPLED PAINLEVE SYSTEMS WITH AFFINE WEYL GROUP 
SYMMETRY OF TYPES Af\ Af^ AND of 



Abstract. We find a four-parameter family of coupled Painleve VI systems in dimen- 
sion four with affine Weyl group symmetry of type Aj . This is the first example which 
gave higher-order Painleve equations of type ^2i+5 ■ then give an explicit description 
of a confluence process from this system to a 3-parameter family of coupled Painleve 
V and III systems in dimension four with ^^(Ag )-symmetry. For a degenerate system 
of system, we also find a two-parameter family of ordinary differential systems in 



(3") 

dimension four with affine Weyl group symmetry of type D\ . This is the first example 
which gave higher-order Painleve equations of type D^p . We show that for each sys- 
tem, we give its symmetry and holomorphy conditions. These symmetries, holomorphy 
conditions and invariant divisors are new. 

1. Introduction 

In [T7] , we presented a 4-parameter family of coupled Painleve VI systems in dimension 
four with affine Weyl group symmetry of type Eq . 
Now, we consider the following problem. 

('2) f2) 

Problem For each affine root system Xl with affine Weyl group W{Xl ), find a 

('2) 

system of differential equations for which W{Xl ) acts as its Backlund transformations. 

We will complete the study of the above problem in a series of papers, for which this 
paper is the second, resulting in a series of equations for the remaining affine root systems 
of types Ai and Di . This paper is the stage in this project where we find a 4-parameter 

/OA 

family of coupled Painleve VI systems in dimension four with FT (Ay )-symmetry explicitly 
given by 

dx dH dy dH dz dH dw dH 
dt dy ^ dt dx ^ dt dw ' dt dz 
with the polynomial Hamiltonian 

tit - l)H =x^y^ - {{t + l)x + 2^2 + «3 + a4)xy'^ 

+ {tx^ + (ao + 2a2 + 0:3 + ^4 — (ao + (yi)t)x 

+ a2(a2 + as + a4)}y + cuitx 

(2) 1 

+ -^[-z'^w^ + 2a4zw^ + {{2t - l)z^ - al)w^ 

— 2{—ao — 2(X2 — as — 04 -|- (04 -|- V)t\zw — t{t — \)z^\ 
-h yiXy - - a'2)zw. 
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2 COUPLED PAINLEVE SYSTEMS 

Here x,y,z and w denote unknown complex variables, and ckq, ai, . . . , q;4 are complex 
parameters satisfying the relation: 

(3) cto + «! + 2a2 + 2^3 + 0^4 = 1. 

This is the first example which gave higher-order Painleve equations of type ^l^+s- 

We then give an explicit description of a confluence process from this system to a 
3-parameter family of ordinary differential systems in dimension four with W{C^^)- 
symmetry explicitly given by 

, , dx dH dy dH dz dH dw dH 

dt dy ^ dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 

t^H —x^y^ — {tx + 2ai + a2 + oi3)xy^ — {{aot — l)x — ai{ai + a2 + cts)}?/ — tx 

(5) - ^ + + 1 (2t.^ _ ^2)^2 _ 1^^^^ + _ 1^^^ _ 

+ {xy — ai)yzw. 

Here x,y,z and w denote unknown complex variables, and ao,ai,a2,Oi2 are complex 
parameters satisfying the relation: 

(6) ao + 2ai + 2a2 + = 1. 

Moreover, the Backlund transformation group for C^^ root system can be obtained 

(2) 

from that for type A)- by this degeneration process. 

We show that by making birational and symplectic transformations with some param- 
eter's change this system is equivalent to a 3-parameter family of coupled Painleve V and 
III systems in dimension four with iy(745^'*)-symmetry explicitly given by 

dx dH dy dH dz dH dw dH 
dt dy ^ dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 
(8) 

t^H — — tx{x — l)y^ + {x^ + ((cKo + Oii)t — l)x — ait}y + {a2 + a3)x — {aot — l)ai 

— + -jzw^ + 4(2^^ - "3)^ - ^{{(^0 + ai + 2a2 + 2a^)t - l]zw — 

— xzw. 

Here x,y,z and w denote unknown complex variables, and aQ,ai,a2,CKs are complex 
parameters satisfying the relation: 

(9) tto + «i + 2^2 + 0:3 = 1. 

(2) 

This is the second example which gave higher-order Painleve equations of type ^2;+3- 
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(2) 

For a degenerate system of system, we find a 2-parameter family of ordinary 
differential systems in dimension four with VF(£)4^^)-symmetry explicitly given by 

. , dx dH dy dH dz dH dw dH 

dt dy ^ dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 
(11) 

{At + 3){16f -12t + 9)H ^ 

- I2tx^y^ + I2{x + 2aQt)xy'^ + 3{(q;o + lAai + %a2)x - WQt}y'^ 

+ {-2Atx^ - 32t'^x - 3q;o(5q;o + Uai + 9a2)}y + 2Ax{x + (4q;o + Ton + Aa2)t} 

- I2tz'^w^ - I2{z - 2(ao + a2)t}zw^ + 3{8t^z^ - (ao + 6ai - 3a2)z - 4(ao + a2ft}w'^ 
+ {12^2 - 8(7«o + 8ai + 7a2)t^z + 3(5 - 6ai - Sal - 4a2)}w 

- 3{(4t2 + l)z + (19ao + lOai + Ta2)t}z 

- 12x{-Atxwy^ + {Axw + Atxw'^ - 2tzw'^ + zw + 2t^z)y'^ 

+ {-2xw'^ - 7tz - At^zw + zw'^ + Atzw^)y + (8tw + 5)z} + 2Aaltyw 

+ 12a\xw{2w — 7y) + 6a2xyw{At{2w — y) — 3} 

+ 6aoy{At{2x - z)w'^ + {x - 12txy + 2z)w + At^z} + 2Aaoa2tyw. 

Here a;, j/, z and w denote unknown complex variables, and a^, cti, a2 are complex param- 
eters satisfying the relation: 

(12) ao + 2ai + as = 1. 

This is the first example which gave higher order Painleve type systems of type D\ . 

We remark that for each system we tried to seek its first integrals of polynomial type 
with respect to x,y,z,w. However, we can not find. Of course, each Hamiltonian is not 
its first integral. 

The Backlund transformations of each system (except for Cg^^-system) satisfy 

(13) s,{g) = g + ^{j\,g} + U^) + .. . {g e C{t)[x,y, z,w]), 



where poisson bracket {, } satisfies the relations: 

{y,x} = {w,z} = 1, the others are 0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

For each system, we also give its holomorphy conditions. 

These symmetries, holomorphy conditions and invariant divisors are new. 
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2. Af^ SYSTEM 

In this section, we study a 4-parameter family of coupled Painleve VI systems in di- 
mension four with affine Weyl group symmetry of type A\ given by 

dx dH dy dH dz dH dw dH 
dt dy ' dt dx' dt dw ' dt dz 

with the polynomial Hamiltonian 

tit - l)H =x^y^ - [it + \)x + 2^2 + as + oti)xy^ 

+ \tx? + (ao + 2^2 + as + ^4 — (ao + '^\)t)x 
+ a2(a2 + as + a4)}t/ + a\tx 



— 2{— ao — 2a2 — as — a4 + (a4 + V)t)zw — t{t — \)z^\ 
+ y{{y - \)x - a2)zw. 

Here x,y,z and w denote unknown complex variables, and ao, ai,...,a4 are complex 
parameters satisfying the relation: 



This is the first example which gave higher order Painleve type systems of type Aj . 

We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to x, y, z, w. However, we can not find. Of course, the Hamiltonian H is not 
the first integral. 

It is known that the Painleve VI system admits the affine Weyl group symmetry of type 
-84^'' as the group of its Backlund transformations in addition to the diagram automor- 
phisms of type D^^\ The diagram automorphisms change the time variable t. However, 

('2') 

the system f|T^ admits the affine Weyl group symmetry of type Aj as the group of its 
Backlund transformations, whose generators sq, si, . . . , S4 are determined by the invariant 
divisors (12. 2p . Of course, these transformations do not change the time variable t. 

We also remark that the iniariant divisors of the system (fT^ are different from the ones 
of a 4-parameter family of 2-coupled Painleve VI systems in dimension four with affine 
Weyl group symmetry of type Eq given in the paper [17]. 

Now, we show that each principal part of this Hamiltonian can be transformed into 
canonical Painleve VI Hamiltonian by birational and symplectic transformations. 

At first, we study the Hamiltonian system 



(15) 




(16) 



ao + ai + 2a2 + 2as + a4 = 1. 



(17) 



dx dK 



1 dy 



dKi 

dx 



dt 



dy ' dt 
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with the polynomial Hamiltonian 

t{l - t)Ki =x^y^ - {{t + l)x + 2^2 + as + a4)xy'^ 

(18) + {tx"^ + {ao + 2^2 + as + 0:4 - (ao + ai)t)x 

+ 02(^2 + as + C(4)}y + aitx, 

where setting z = w = in the Hamiltonian if, we obtain Ki. 

We transform the Hamiltonian (1171) into the Painleve VI Hamiltonian: 

Hyi{x, y, t; Po, Pi,p2, Ps, Pi) 

(19) = -^-^[y\x - t)(x - 1)X - {{po - 1)(X - 1)X + Psix - t)x 

+ P^ix -t){x- l)}y + P^iPi + P2)x] {Po + Pi + 2P2 + Ps + P4 = l) 
Step 1: We make the change of variables: 

(20) xi =y, yi = -x. 
Then, we can obtain the Painleve VI Hamiltonian: 

(21) Hvi{xi,yi, t; 03, as + "4, "2, "o, "i)- 
Of course, the parameters ttj and Pj satisfy the relations: 

(22) P0 + P1 + 2p2 + p3 + Pi = ao + ai + 2^2 + 2^3 + 04 = 1- 

We remark that all transformations are symplectic. 
Next, we study the Hamiltonian system 



(23) 



dz dK2 dw 0X2 



dt dw dt dz 
with the polynomial Hamiltonian 

t{l - t)K2 =j[-z^w^ + 2a4zw^ + ((2t - l)z^ - al)w^ 

(24) 

— 2{—ao — 2q;2 — as — 04 + (04 + l)t}zw — t{t — 1)2;^], 

where setting x = y = in the Hamiltonian H, we obtain K2. 

Let us transform the Hamiltonian (|24l) into the Painleve VI Hamiltonian. 
Step 1: We make the change of variables: 

(25) ^1 = 2Vt^z, wi = l^^jf=^ + 2' 

By this transformation, in the coordinate system (Zi, W\) = {l/zi,wi) two of four 
sible singular points are transformed into Wi = and Wi = 1. 
Step 2: We make the change of variables: 

(26) Z2 = -iziWi - ai)wi, W2 = — . 
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(2) 

Figure 1. This figure denotes Dynkin diagram of type A)^ . Tfie symbol 
in eacfi circle denotes tlie invariant divisors of the system (jHj) (see Theorem 

[231). 

Step 3: We make the change of variables: 

z, = ——^^—==, ws = i2t-l + 2^t{t - \))w^ + 2(1 - t - ^tit - 1)), 
Ah — i -|- Z\/t\t — i) 

(27) 



t 



2t - 1 + 2^t(t - 1) 
2T(T - 1) - (2T - l)^T{T -I] 



ATiT - 1) 

By this transformation, in the coordinate system (^2,1^2) = (1/-23, "U^s) the others are 
transformed into W2 = and W2 = We remark that it is not W2 = 00 but W2 = 
because we consider in the coordinate system {z2,W2). 
Step 4: We make the change of variables: 

1 



(28) 



Z4 



-{ZsWs - 04)^3, W4 



W3 



Step 5: We make the change of variables: 

(29) Z5 = W4, W5 = -Z4. 
Then, we can obtain the Painleve VI Hamiltonian: 

(30) - ^Hvi{z5, W5, T; ai + as - 1, ai + 03, 04, ao + 2^2 + as, + 2^2 + as)- 
Of course, the parameters ai and /5j satisfy the relations: 

(31) Po + Pi + 2(32 + (3s + (3a = 2{ao + ai + 2a2 + 2^3 + ^4) - 1 = 1- 
We remark that all transformations are symplectic. 

Theorem 2.1. The system ([13]) admits extended affine Weyl group symmetry of type 
A), as the group of its Bdcklund transformations, whose generators Sq, Si, . . . , S4, vr defined 
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as follows: with the notation (*) := (x, y, z, w, t; ao, ai, . . . , ai): 
(32) 



So : 
si : 

52 ■ 

53 ■ 

54 : 
71 : 



X H -, y, z, w, t; -ao, ai, 02 + «o, «3, «4 

1/ - 1 

X H , y, z, w, t; ao, —ai, a2 + ai, a^, a^ 

y 

x,y , z, w, t; ao + a2, ai + 0^2, — 0^2, "3 + "2, "4 



a; + 



as 



y + — t y + — t 

a^ 



, w, t; ao, ai, a2 + as, —as, a4 + 2a; 



X, y,z,w , t; ao, ai, a2, as + a4, — a4 , 

z 



-X, l-y, yf^z. 



w 



, 1 -t;ai,ao,a2,as,a4 ) . 



We note that the Backlund transformations of this system satisfy 

2 



ai 



(33) Si{g)=g + ^{h,g} + 



1 f a. 



{/i, {/i,fi'}} H — {g ^^{t)[x,y,z,w]). 



where poisson bracket {, } satisfies the relations: 

{y,x} = {w,z} = 1, the others are 0. 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

Proposition 2.2. This system has the following invariant divisors: 



parameter's relation 




ao = 


k--=y-i 


ai = 


fi ■= y 


a2 = 


f2 ■■= X 


as = 


f3-=y + w^-t 


a4 = 


fi ■= z 



We note that when ai = 0, we see that the system ( |T^ admits a particular solution 
y = 0, and when as = 0, after we make the birational and symplectic transformations: 

(34) X3 = X, ys = y + w'^ — t, Z3 = z — 2xw, W3 = w 
we see that the system ( |T4l) admits a particular solution y^ = 0. 

Proposition 2.3. Let us define the following translation operators: 

(35) Ti :— vrsoS2S3S4SsS2So, T2 :— SqTiSo, T3 :— S2T2S2, T4 :— S4SsTsSsS4. 
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These translation operators act on parameters ai as follows: 

Ti(ao, ai, . . . , ai) =(ao, ai, • • • , 04) + (-1, 1, 0, 0, 0), 
T2(ao, ai, . . . , 04) =(ao, ai, . . . , 04) + (1, 1, -1, 0, 0), 

(36) 

^3(«o, «!, • • • , ^4) =(ao, «!, . . . , 04) + (0, 0, 1, -1, 0), 
T4(ao, ai, . . . , 04) =(ao, ai, . . . , 04) + (0, 0, 0, -1, 2). 

Theorem 2.4. Lei tis consider a polynomial Hamiltonian system with Hamiltonian 
K G 'C{t)[x,y,z,w]. We assume that 

{Al) deg{K) = 6 with respect to x,y,z,w. 

{A2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system ri {i = 0,1, ... ,4): 

tq :xo = -, yo = -{{y - l)x + ao)x, zq = z, wq = w, 

X 

ri :xi = -, yi = -{yx + ai)x, zi = z, Wi = w, 

X 

(37) r2 ■.X2 = -{xy - 02)2/, 1/2 = ^, 2^2 = z, W2 = w, 

rg :X3 = -, 1/3 = - ((y + - t)x + as) x, Z3 = z - 2xw, W3 = w, 

X 

r4 :x4 = X, yi = y, z^ = —izw — aAw, Wi = — 

w 

Then such a system coincides with the system ffT^ with the polynomial Hamiltonian (ITS!) . 

By this theorem, we can also recover the parameter's relation f|T6l) . 
We note that the condition {A2) should be read that 

r^{K) (j = 0,1,2,4), T^iK + x) 

are polynomials with respect to x, y, z, w. 

3. 6*3^^ SYSTEM 

In this section, we study a 3-parameter family of ordinary differential systems in dimen- 
sion four with affine Weyl group symmetry of type At first, we consider an explicit 
description of a confluence process from the system f|T41) . 

Theorem 3.1. For the system (fT4l) of type Aj , we make the change of parameters 
and variables 

(38) ao = - + Ao, ai = --, 02 = ^1, "3 = ^2, "4 = ^43, 

e e 

T Y ^ W 

(39) t = —, X = eX, y = — , z = ysZ, w = 

E E V ^ 
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from ao, ai, 0^2, 03, x, y, z, w to Aq, Ai, A2, A^, X, Y, Z, W . Then the system f|T^ can also 

be written in the new variables X, Y, Z, W and parameters Aq, Ai, A2, A3 as a Hamiltonian 

system. This new system tends to 

dx dH dy dH dz dH dw dH 
dt dy ^ dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 

t^H =x'^y^ — {tx + 2ai + 0^2 + 03)0;?/^ — {(agt — l)x — ai{ai + 0^2 + 0!s)}y — tx 

(41) - ^ + |.^.3 + 1 (2i,2 _ ^2)^2 _ 1^^^^ + _ 1}^^ _ 

+ {xy - ai)yzw, 

where, for notational convenience, we have renamed Ai, X, Y, Z, W to ai, x, y, z, w (which 
are not the same as the previous ai,x,y, z,w). 

Here x,y,z and w denote unknown complex variables, and ao,ai,a2,a3 are complex 
parameters satisfying the relation: 

(42) ao + 2ai + 2^2 + ^3 = 1- 

We remark that for this system we tried to seek its first integrals of polynomial type with 
respect to x,y,z,w. However, we can not find. Of course, the Hamiltonian H is not the 
first integral. 

Theorem 3.2. The system (140 p admits the affine Weyl group symmetry of type Cg^^ 
as the group of its Bdcklund transformations, whose generators Sq, Si, S2, S3 defined as 
follows: with the notation (*) := {x,y, z,w,t;ao,ai,a2,a3): 

ao l\ ^-p w 

y y J v-1 

5*1 : (*) ^{x,y — -i, z, w, t; ao + 2ai, — ai, 0:2 + 0:1, 03^ 

02 202W 
y + — t y + w"^ — t 

S3 ■ (*) (^x, y,z,w - t; ao, oi, 02 + 03, -03^ . 

We remark that the transformations Si {i = 1,2,3) satisfy the relation ( l33l) (see Section 
2). However, the transformation 5*0 does not satisfy so. 

Theorem 3.3. For the transformations (!38|) . ( 139]) given in Theorem 13.11 we can choose 



'S'o : (*) ^ ( - ( a; + — + — ) , -y, V-lz, —j==, -t; -Oq, Oi + Oq, 02, 03 



(43) 



S2 : {*) ^ { X + — — ^ -, y,z+ ——^ -, w, t; ao, Oi + 02, -02, 03 + 2o2 



(2) 

a subgroup W^{2)^^{i) of the Backlund transformation group W{AY') so that 
converges to the Backlund transformation group W{CP) of the system (1401). 

Proof. Notice that 

oo + oi + 2o2 + 203 + 04 = + 2Ai + 2^2 + A3 = 1 



^(2)^^(1) 
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and the change of variables from {x, y, z, w) to (X, Y, Z, W) is symplectic. Choose Si {i 
0,1,2,3) as 

5*0 := SoSi, Si := S2, S2 := S3, S3 := S4, 



where Sj are given by Theorem 12.11 Then the transformations Si are reflections of the 
parameters 740,^1,^2,^3. The transformation group W.(2) „(i) =< So, Si, S2, S3 > co- 
incides with the group given in Theorem 13.21 as e — 0. □ 

Proposition 3.4. This system has the following invariant divisors: 



parameter's relation 


/. 


«! = 


fl ■= X 


«2 = 


f2:=y + w'^-t 


"3=0 





Theorem 3.5. Let us consider a polynomial Hamiltonian system with Hamiltonian 
K G C(t) [x, y, z, w\ . We assume that 

(Gl) deg{K) = 6 with respect to x,y,z,w. 

{G2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system rj (z = 0, 1, 3): 

"0 1 

ro iXo = X H \- —, yo = y, Zq = z, wq = w, 

y y^ 



(44) 



ri :xi = -{xy - ai)y, yi = -, zi = z, wi = w, 

y 

r2 ■.X2 = -, 2/2 = - {{y + - t)x + 0:2) X, Z2 = Z - 2XW, W2 



X 



r3 -.xs = x, 7/3 = y, Z3 = -{zw - a3)w, W3 



1 



w 



Then such a system coincides with the system ( HOl) with the polynomial Hamiltonian ( l4Ti) . 

By this theorem, we can also recover the parameter's relation 
We note that the conditions {G2) should be read that 

r^{K) (j = 0,1,3), r^iK + x) 

are polynomials with respect to x, y, z, w. 



4. Al ' SYSTEM 

In this section, we study a 3-parameter family of coupled Painleve V and III systems 

(2^ 

in dimension four with affine Weyl group symmetry of type ^4^ . At first, by making 
birational and symplectic transformations with some parameter's change the system fl40l) 
is equivalent to the system of type A\ . 
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(2) 

Figure 2. This figure denotes Dynkin diagram of type . Tlie symbol 
in eacli circle denotes tlie invariant divisors of the system ( 1471) (see Theorem 

m- 

Theorem 4.1. For the system f l40|) of type C^^\ we make the change of parameters 
and variables 



(45) 
(46) 



ao = Ao-Ai, ai = Ai, a2 = A2, as = A3, 
x = ^, y=-{XY + Ai)X, z = Z, w = W 



from ao, ai, 0^2, as, x, z, w to Aq, Ai, A2, A3, X, Y, Z, W . Then the system fl40|) can also 
be written in the new variables X, Y, Z, W and parameters Aq, Ai, A2, A3 as the polynomial 
Hamiltonian system given by 

. dx dH dy dH dz dH dw dH 

dt dy ' dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 
(48) 

t^H = — tx{x — l)y^ + {x^ + ((ao + ai)t — l)a; — ait}y + (02 + C(3)x — {aot — l)ai 



2^2 



t'z 



— + -fzw^ + -{2tz^ - al)w'^ - -{(ao + ai + 2^2 + 2a3)t - l]zw 

— xzw. 



where, for notational convenience, we have renamed A^, X, Y, Z, W to a^, x, y, z, w (which 
are not the same as the previous ai,x,y, z,w). 

Here x,y,z and w denote unknown complex variables, and aQ,ai,a2,Oi3 are complex 
parameters satisfying the relation: 



(49) 



ao + ai + 2^2 + «3 = 1- 
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(2) 

This is the second example which gave higher order Painleve type systems of type 
(see p^). In this case the iniariant divisors are different from the ones of a 3-parameter 
family of 2-coupled Painleve III systems in dimension four given in the paper 



Invariant divisors 


fo 


fi 


f2 


h 


System (iTl) 


X — 1 


X 


yw"^ — ty + 1 


z 


2-CPIII 


y 


w 


xz + t 


y + w — 1 



We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to x, y, z, w. However, we can not find. Of course, the Hamiltonian H is not 
the first integral. 

We will show that each principal part of this Hamiltonian can be transformed into 
canonical Painleve V and HI Hamiltonian by birational and symplectic transformations. 
At first, we study the Hamiltonian system 

dx_ ^ dK^ dy ^ 8X3 
dt dy ' dt dx 

with the polynomial Hamiltonian 

(51) 

t^Ks = — tx{x — X)y^ + {x? + ((ao + OL\)t — l)x — (X\t)y + [oii + (Xz)x — [oi^t — l)ai, 

where setting z = w = in the Hamiltonian if, we obtain K^. 

We transform the Hamiltonian (!50l) into the Painleve V Hamiltonian (see [18|): 

- tHvix,y,t;(3i, 132,(33) 

= -ty + xY - + i/3i + 2/32)x% + (t - 1 + 2f3s)xy + ^2(^1 + p2)x. 
Step 1: We make the change of variables: 

xi = -, yi = —tx, I = — . 
t t 

Then, we can obtain the Painleve V Hamiltonian: 



(52) 



(53) 



(54) 



Hv (^xi, yi, T; 02 + "3, "i, 



Oq 

2 



We remark that all transformations are symplectic 
Next, we study the Hamiltonian system 

dz OKa 

Tt = - 

with the polynomial Hamiltonian 

(56) 



dw 



dw 
Itt 



dz 



1 



1 



t^Ki = h —zw^ + -{2tz^ - aDw"^ - ^{(ao + ai + 2^2 + 2a3)t - l}zw - 



ez^ 



where setting x 



2 4' -"2 

?/ = in the Hamiltonian if, we obtain K^^. 
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Let us transform the Hamiltonian fl55l) into the Painleve III Hamiltonian: 

[oi) Hjji{q,p,t;ai,l3i) = . 

Step 0: We make the change of variables: 

(58) t = 1. 

-t 1 

We note that 

(59) dK^ Adt = — ^dKi A dT^. 

Ti 

Step 1: We make the change of variables: 

(60) ^1 = 77^' Wr = 2^/T^w + 2. 

2y ±1 



Step 2: We make the change of variables: 

(61) Z2 = -{ziWi - a3)wi, W2 = —. 

Wi 

Step 3: We make the change of variables: 

(62) Z3 = --^Z2 + 1, W3 = -T1W2. 

J 1 

Step 4: We make the change of variables: 

(63) Z4 = W3 + —, W4=-Z3, Ti=AT2. 

Step 5: We make the change of variables: 

(64) Z5 = Zi, W5 = W4 + 1, T2 = a/T^. 
Then, we can obtain the Painleve 111 Hamiltonian: 

(65) ^Hjij{z5,W5,T3;0,a3 + l). 
We remark that all transformations are symplectic. 

Theorem 4.2. The system ( H71) admits extended affine Weyl group symmetry of type 

(2) 

Al as the group of its Bdcklund transformations, whose generators sq, si, S2, S3, vr defined 
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as follows: with the notation (*) := [x,y, z,w,t]ao,ai, 02,03): 



(66) 

50 : 

51 : 

52 ■ 

53 ■ 

TT : 



x,y 



ceo 
X — 1 



, z, w, t; — tto, «!, 02 + tto, as 



(^x, y — ^, z, w, t; ao, — ai, 02 + «!, asj 

0^2 (w^ — t) 2a2yw 
yw"^ — ty + 1 yw"^ — ty + \ 

( Q^3 

\x,y,z,w , t\ ao, ai, ^2 + 03, -as 



w, t; ao + a2, ai + a2, — a2, as + 2a2 



1 - X, -y, \f-\z, 



w 



-., —t] ai, ao, a2, as 



These Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

Proposition 4.3. This system has the following invariant divisors: 



parameter's relation 


f\ 


ao = 


fo:=x-l 


ai = 


fl ■= X 


a2 = 


/2 := yw"^ -ty+1 


as = 


f3--=z 



We note that the system fl47j) admits a Riccati extension of the fifth Painleve system 
as its particular solutions when z = with the parameter's relation as = 0. 



Proposition 4.4. Let us define the following translation operators: 



(67) Ti := 7rsoS2SsS2So, T2 := 7rsoSiS2S3S2, T3 := S2T2S2. 

These translation operators act on parameters a, as follows: 

Ti(ao, ai, a2, as) =(ao, ai, a2, as) + (-1, 1, 0, 0), 

(68) T2(ao, ai, a2, as) =(ao, ai, a2, as) + (1, 1, -1, 0), 
Tsiao, ai, a2, as) =(ao, ai, a2, as) + (0, 0, 1, -2). 



Theorem 4.5. Let us consider a polynomial Hamiltonian system with Hamiltonian 
K G C(t) [x, z, w] . We assume that 

{B\) deg{K) = 6 with respect to x,y,z,w. 
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{B2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system ri (z = 0, 1, 3): 

ro -.xo = -{{x - l)y - ao)y, yo = -, zq = z, wq = w, 

y 

(69) n -.xi = -{xy - ai)y, yi = -, zi = z, wi = w, 

y 

rs :X3 = X, y3 = y, z^ = -{zw - 03)^, W3 = —. 

w 

{B3) In addition to the assumption {B2), the Hamiltonian system in the coordinate ri 
becomes again a polynomial Hamiltonian system in the coordinate system r2'- 

r2 : X2 = — , y2 = - (iyi + - t)xi + 02) Xi, Z2 = zi - 2xiWi, W2 = Wi. 

Xi 

Then such a system coincides with the system ( H7|) with the polynomial Hamiltonian (j48l) . 

By this theorem, we can also recover the parameter's relation pOl) . 
We note that the conditions (-B2) and (-B3) should be read that 

r,{K) {j = 0,1,3), r2{r,{K)+Xi) 

are polynomials with respect to x, y, z, w or xi,yi, zi,w\. 

5. Df^ SYSTEM 

In this section, we study a 2-parameter family of ordinary differential systems in di- 
mension four with affine Weyl group symmetry of type Di given by 
dx OH dy OH dz dH dw OH 
dt dy ' dt dx' dt dw ' dt dz 
with the polynomial Hamiltonian 
(71) 

(4t + 3)(16t2 - 12t + 9)i/ = 

- 12tx^?/^ + 12(x + 2aQt)xy^ + 3{(ao + 14«i + 9a2)a; - ^alt}y'^ 

+ {-2Ux^ - 32t^x - 3ao(5ao + 14ai + Qas)}?/ + 24:x{x + (4ao + 7ai + 4a2)0 

- I2tz^w^ - I2{z - 2(ao + a2)t}zw^ + 3{8t^z^ - (ao + 6ai - 3^2)^ - 4(ao + a2)H}w'^ 
+ {12^2 _ 8(7^^ ^ 3^^ ^ 7a2)t^z + 3(5 - 6ai - Sa^ - 4a2)}^ 

- 3{(4t^ + l)z + (19ao + lOai + 7a2)t}z 

- 12x{-Atxwy^ + {4xw + 4txw^ - 2tzw^ + zw + 2t^z)y'^ 

+ {-2x^0"^ - 7tz - At^zw + zw'^ + Atzw^)y + {8tw + 5)z} + 2Aaltyw 

+ 12aixw{2w — 7y) + Qa2xyw{At{2w — y) — 3} 

+ 6aol/{4t(2x - z)w'^ + (x - I2txy + 2z)w + At^z} + 2Aaoa2tyw. 
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Here x, y, z and w denote unknown complex variables, and ao? cti, «2 are complex param- 
eters satisfying the relation: 

(72) ao + 2ai + 02 = 1- 

This is the first example which gave higher order Painleve type systems of type D\ . 

We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to x, z, w. However, we can not find. Of course, the Hamiltonian H is not 
the first integral. 

This system can be obtained by connecting the invariant divisors x — 1 and z for the 
canonical variables (x, y, 2;, w). 

It is still an open question whether we make an explicit description of a confluence 
process from the system f HTl) to this system. 




Figure 3. This figure denotes Dynkin diagram of type D\ . The symbol 
in each circle denotes the invariant divisors of the system (!70!) (see Theorem 

EH). 



Theorem 5.1. The system (1701) admits the affine Weyl group symmetry of type of^ as 
the group of its Bdcklund transformations, whose generators so,si,S2 defined as follows: 
with the notation (*) := {x,y, z,w,t]ao,ai,a2): 



So ■■ {*) 
(73) : (*) 
S2 ■ (*) 



x,y , z, w, t] -ao, ai + ao, a2 

X 



ai{w^-t) 
X H ^ ■ — —,y,z + 



2aiyw 



yw^ — ty + 1' 



yw'^ — ty + 1 



, w, t; ao + ai, —ai, a2 + 3ai 



x,y 



tt2 

X + z 



z,w — 



a2 
X + z 



t; ao, ai + 0^2, —a2 



These Backlund transformations have Lie theoretic origin, similarity reduction of a 
Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

Proposition 5.2. This system has the following invariant divisors: 



parameter's relation 




tto = 


/o := X 


«! = 


fi :=yw^-ty+ 1 


a2 = 


f2:=x + z 
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Theorem 5.3. Let us consider a polynomial Hamiltonian system with Hamiltonian 
K G C(t) [x, y, z, 'w\ . We assume that 

(CI) deg{K) = 6 with respect to x, y, z, w. 

(C2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system {i = 0, 2): 

(74) " ^ 

r2 :X2 = X, y2 = y -w, Z2 = -{{z + x)w - ^2)^, = —■ 

w 

(C3) In addition to the assumption {C2), the Hamiltonian system in the coordinate ri 
becomes again a polynomial Hamiltonian system in the coordinate system tq: 

ri : xi = — , yi = - {{yo + 10^- t)xo + ai) xq, zi = zq- 2xoWq, wi = wq. 

Xq 

Then such a system coincides with the system ( ITOjl with the polynomial Hamiltonian (!7T!) . 

By this theorem, we can also recover the parameter's relation fl72l) . 
We note that the conditions (C2) and (C3) should be read that 

r,{K) (j=0,2), r2{ro{K) + Xo) 

are polynomials with respect to x, y, z, w or xq, yo, zq, wq. 

6. Appendix 

In this appendix, we present a 2-parameter family of ordinary differential systems with 
affine Weyl group symmetry of type G^2^ given by 

dx dH dy dH dz dH dw dH 
dt dy ^ dt dx ^ dt dw ' dt dz 
with the polynomial Hamiltonian 

H = — 3(5ao + ISai + 27a2)txy^ ~ '2t ~^ 6ai(a;o + 6q;i + 9a2)ty'^ 

- m^z^w^ - I 24(ai + a2)t^ ~ ^ f 

+ m^y^zw'^ - 24:txy^zw + I2x^yh + 24:txz^w - I2x^z^ - Uaot^y^w 
+ 12(2ao + 4ai + 9a2)xy^z + 3(19«o + 38ai + 45a2)ty^zw 

— 6ai(ao + 4q;i + 9a2)yz — 4(a;o — 4q;i — 3a2)txz. 

Here x, y, z and w denote unknown complex variables, and oq, ai, 02 are complex param- 
eters satisfying the relation: 

(77) ao + 2ai + 3^2 = 0. 

This is the first example which gave higher order Painleve type systems of type G^2^ 
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We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to x,y,z,w. However, we can not find. Of course, the Hamiltonian H and 
z — ty are not its first integrals. 




Figure 4. The symbol in each circle denotes the invariant divisors of this 
system (see Theorem 16. ip . 



Theorem 6.1. The system (1751) admits the affine Weyl group symmetry of type G'^^ as 
the group of its Bdcklund transformations, whose generators so,si,S2 defined as follows: 
with the notation (*) := {x,y, z,w,t]aQ,ai,a2): 

So : (*) (^x, y,z,w - t; -ao, ai + ao, ^2) , 

ait 

(75 - ■■' ■ 



si : * 



S2 ■ {*] 



a\ 

x,y -^-.z- 

X — tw 

3a2y'^ 
X ^,y,z,w 



X — tw 
a2 



, w, t] ao + «l7 — «!, «2 + oti 
t] ao, ai + 3a2, — a2 . 



z — z — y 

Since these Backlund transformations have Lie theoretic origin, similarity reduction of 
a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

Proposition 6.2. This system has the following invariant divisors: 



parameter's relation 


f^ 


ao = 


fo ■■= z 


ai = 


fi := X — tw 


a2 = 


f2-=z- y^ 



Theorem 6.3. Let us consider a polynomial Hamiltonian system with Hamiltonian 
K G C(t) [x, y, z, w] . We assume that 

(Fl) deg{K) = 6 with respect to x,y,z,w. 

{F2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system ri {i = 0, 1, 2): 

1 



ro :xo =x, yo = y, zq = -{zw - ao)w, wq 



w 



1 



(79) ri :xi = -{{x - tw)y - ai)y, Vi = Zi = z - ty, Wi = w, 

r2 :x2=x - Sy'^w, y2 = y, Z2 = -{{z - y^)w - a2)w, W2 = — . 

w 
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Then such a system coincides with the system 

dx dK dy dK dz dK dw dK 
dt dy ^ dt dx ^ dt dw ' dt dz 

with the polynomial Hamiltonian 

6 

(81) K ^H + J2(^ii^-tyy (aieC(i)). 

i=l 

We note that the condition (F2) should be read that 

rj{K) (j = 0,2), n{K-yw) 
are polynomials with respect to x, y, z, w. 
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